A PROOF OF THE TSYGAN FORMALITY CONJECTURE 

FOR CHAINS 



BORIS SHOIKHET 



Abstract. We extend the Kontsevich formality Loo-morphism U: T' oly (R d ) — > 
D* oly (R d ) to an Loo-morphism of Loo-modules over T* oly (R d ), U: C.(A,A) -> r2*(E d ), 
A = C 00 (R' i ). The construction of the map U is given in Kontsevich-type integrals. 



The conjecture that such an Loo-morphism exists is due to Boris Tsygan Ts|. As an 
application, we obtain an explicit formula for isomorphism A»/[A*,A„] — > A/ '{A, A} 
(j4* is the Kontsevich deformation quantization of the algebra A by a Poisson bivec- 
tor field, and {,} is the Poisson bracket). We also formulate a conjecture extending 
the Kontsevich theorem on cup-products to this context. The conjecture implies a 
generalization of the Duflo formula, and many other things. 

1. L no- ALGEBRAS AND Loo-MODULES 



Here we recall basic definitions from [Ts| and construct an Loo-module over T' oly 
structure on the chain Hochschild complex C,(A,A), A = C°°(IR d ). 

1.1. For a manifold M, T* oly (M) denotes the graded Lie algebra of smooth polyvector 
fields on M, D,'(M) denotes the graded space of smooth differential forms on M. The 
space T* ol (M) is graded as a Lie algebra, i.e. T^ oly (M) = {(i + l)-polyvector fields}, 
% > — 1. The bracket is the Schouten-Nijenhuis bracket, generalizing the usual Lie 
bracket of vector fields. It is defined as follows: 

(1) [£o A ■ ■ ■ A ??o A ■ ■ ■ A rji] = 

k I 

= Z^ _1 )* +i+fc &' Vj] A & A • • • A |; A • • • A & A 770 A • • • A % A • • • A m 

i=0 j=0 

for k, I > ({^j} and {r/j} are vector fields, the bracket (1) does not depend on their 
choice and depends only on polyvector fields £ = £o A • • • A and rj = rjo A • • • A rji) and 
for k > 

k 

(2) [Co A • • • A £fc, h] = J2(-iyti(h)Z A • • • A & A • • • A £ fe 



i=0 



(here h G C7°°(M) is a function). 

It is clear that [T^ oly , ^p Q i y ] C T^J^. We will consider T' oly as a differential graded 
(dg) Lie algebra equipped with zero differential. 

The space £l°(M) is Z<o-graded: 

Q\M) = {i-differential forms}, degQ 1 = -i. 
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For a /c-polyvector field 7 we denote by i 7 the natural contraction 

i 1 : Q'(M) -> fr~ fe (M). 
The Lie derivative L 7 is defined by the Cartan formula 

(3) L 1 = d DR oi 7 + i 7 o d DR = [cZdr, i 7 ] 
(we denote [a, 6] + by [a, 6] for odd symbols a, 6). 

Lemma. [L 7l ,L 72 ] = £[ 7ll72 ] where [71,72] «s Schouten-Nijenhuis bracket (1), (2) 
of polyvector fields. 

In this way we endow the graded space f2*(M) with a structure of a module over the 
graded Lie algebra T' oly (M). Note that for 7 € T p fe oly (M) one has L 7 ^"(M) C fc (M) 
and deg = deg Q* + k because we consider 0* to be Z< graded. 

1.2. We denote by C*(yl, A) the cohomological Hochschild complex of an associa- 
tive algebra A. By definition, C k (A,A) = Kom c (A® k ,A), k > 0. The differential 
d H och: C fe (A, A) -» C fc+1 (A^4) is defined as follows: 

(4) (d*)(ai (8) • • • (8) a fe+ i) = a x ■ ^(a 2 (8 • • • <8 a k+ i) - 

- *(ai • a 2 (8 a 3 (8 • • • <8 cifc+i) H ± <8 • • • <8 ctfc) ■ a k +\. 

By definition, P* oly (M) = C* oly (C°°(M), C°°(M))[1] is shifted by 1 subcomplex of 
C*(A,A), A = C°°(M), consisting of polydifferential operators. Thus, V k oly (M) C 
Hom c (v4® fc+1 ,^), fc > -1. 

The Gerstenhaber bracket on C*(A, A)[l] is defined as follows: for fa G C fcl+1 (yl, ^4), 

^eC fc2+1 (AA) 

(5) [fa,fa] = faofa-(-l) k ^faofa 
where 

(6) ((/>! ofa)(a (8 ••• ®a fel+fe2 ) = 

fei 

= ^(-l) l/c2 0i(a o (8 • • • (8 a,_i (8 </> 2 (aj <8 • • • <8 a i+fc2 ) ® Oi+fc 2 +i ® • • ■ <8 a fel+fc2 ). 
i=0 

Lemma. Formulas (4), (5), (6) define a dg Lie algebra structure on C*(A, A)[l] . 
Note that 

(7) dHoch(*) = K*] 

where m: A® 2 — > A is the product, the associativity is equivalent to [m,m] = 0, and 
adm defines a differential. 

1.2.1. 

Lemma (Hochschild-Kostant-Rosenberg) . 
(i) W(V; oiy (M)) = T; oly (M), and the map mKR : T p ' oly - V poly , 

k 

(8) ¥>hkr(£i A • • • A ® • • • (8 / fc ) = ^ Alt 

is a quasi-isomorphism of complexes (in particular, <iHoch|lm^ H KR = 0); 
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(ii) the induced map on cohomology [<^hkr] : T' oly (M) ~~ * ^'C^poiyC^O) * s a ^ e a ^9 e ' 
bras isomorphism. 

Formality theorem of M. Kontsevich |Kj states that T* ol (M) and 2?* ol (M) are quasi- 
isomorphic as dg Lie algebras, in the sense of the derived categ ories, or Z/oo-quasi- 
isomorphic. 

1.3. We denote by C,(A,A) the homological (chain) Hochschild complex of an associa- 
tive algebra A. By definition, C k (A,A) = A® A® k , and the differential b: C k (A,A) -> 
Ck-i(A, A) is defined as follows: 

(9) b(a ® • • • <8> a k ) = 



= a^ai (g) a2 <8 • • • <8 a k — ao <8 ai<Z2 (g> • • • <8> H ± a^ao ® Oi (g> ■ • • (g) a^-i. 



We consider C.(A,A) to be Z< -graded, deg(A ® = -k, k > 0. 
1.3.1. 

Theorem. 

(i) ffcCC.OM)) = fi*(M), A = C°°(M); 

(ii) f/ie map 



is a quasi-isomorphism of the complexes (0 , (M) is equipped with zero differential). 

1.4. In Section 1.1 we have defined operators L 7 , 7 € T' oly (M), acting on 
ST(M). We know from Theorems 1.2.1(i), 1.3.1(i) that H* (V* oly (M)) = T' oly (M), 
H.(C.(A,A)) = n*(M), A = C°°(M). In this section we define the operators L 7 "on 
the level of complexes" , i.e. , we define operators Lq, , \& G C* (A, A) [1] , acting on C. (A, A) . 
The operator L^, ^> G Hom(y4® , A), is defined as follows: 



(10) 



C.(A,A) -» fi'(M), 

/x(ao (8 ai (g> • • • <8 afc) = — ao dai A • • • A da/c 



(11) 



n—k 



Lq,(a (g> • • • (8) On) 



1)(i+1) a ® • • • ® a* ® *(ai+i (8 



(8 aj+fe) (8> • • • (8) a n + 



i=0 



n 



+ (-l) n{j+1) y(a j+ i®---®a ® 



) (8 a k +j- n 



(8 ■ ■ ■ <8 a,-. 



j=n—k 



Note that 



(12) 



£m(ao 8> • • • <8 a„) = 6(ao (8 • • • <8 a„) 



(here m: ^4 lX>2 
see (9)). 



^4 is the multiplication, and 6 is the chain Hochschild differential, 
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1.4.1. 
Lemma. 

[Lq, i: L^ 2 ] = L[^ 1) $ 2 ] 
where [^1,^2] is the Gerstenhaber bracket of the cochains ^1 and ^2- 

In particular, let ^1 = m : A® 2 — > A be the multiplication; we know that L m = 6, and 
we have: 

( 13 ) [b,L 9 ] = L daoch ^ 

(see (7)). 

Lemma 1.4.1 allows us to equip the space C,(A, A) with a structure of the module over 
the dg Lie algebra C'(A, A)[l]. We explain below how, using an Loo-map U: T' ly — > 
fpoly, to equip the space C,(A, A) with an Loo-module structure over L* oly . 

1.5. In this Subsection we recall the basic definitions of homotopical algebra. We will 
do it "on the level of formulas" , leaving the language of formal Q-manifolds ]Kj] , because 
it is more convenient for our needs. 

1.5.1. An Loo-algebra is a Z-graded vector space with a collection of maps: 

Qi:*-fl[l] 
Q 2 : A 2 -» 
Q 3 : A 3 0^ [-1] 



satisfying the relations 

(14) Yl ±Q q+ i{Q P (x il A ••• Ax ip ) Ax h A ••• Ax jp ) = 



Il< "<!p, 3l< - <jq 
p+q—k 



for each k > 2 and homogenous {x s }. 
The first relation, for k = 2, is 



Q? = 0. 



The second, k = 3, is that the product Q2 is compatible with the differential Qi, i.e. 

Qi{Q 2 (x A y)) = Q 2 {Q\x A y) ± Q 2 (^ A Qiy). 

The third is that the skew-symmetric product Q2 obeys the Jacobi identity modulo Q3. 
The case when Q3 = Q4 = • • • = is the case of dg Lie algebras. 

1.5.2. An Loo-morphism IA: Q\ — ► 02 between two Loo-algebras is a collection of maps: 

U\ : 0i — > 02 

A 2 0i -fl 2 [-l] 
A 3 i -»fl 2 [-2] 
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obeying the identities 

(15) ±W 9 +i(Qp(^i A • • • A x ip ) A Xj 1 A • • • A x jq ) = 

= Yl ±l\Qk{U ni (x hl A • • • A x hni ) A • • • A U nk (x ikl A • • • A x hnk )) 

(ni H h%=p + g). 

In the simplest case, when gi and 02 are dg Lie algebras, Qi = d, Q2 = [,], (15) is: 

n 

(16) dU n (xi A • • • A x„) + ^2 ±U n (xi A ■ ■ ■ A dxi A • • • A x„) = 

i=i 

= ^ E fcj/! Y MUkix*! A--- A^),M|(^ +1 A--- AiJ] + 

M>1 ' ' crGS n 

, Xj] A xi A • • • A Xi A ■ • ■ A Xj A • • • A x n ). 

i<j 

The simplest cases are: 

n = 1: dUi{x) = U±(dx), i.e. £Yi is a map of complexes; an Loo-morphism is called an 
Loo-quasi- isomorphism if IA\ is a quasi-isomorphism of complexes; 

n = 2: U\ is a map of dg Lie algebras modulo U2; U\ is a map of graded Lie algebras 
on the level of cohomology. 

The connection of the notion of an Loo-morphism with the classical homological algebra 
is that if two dg Lie algebras 0i and Q2 are quasi-isomorphic in the sense of derived 
cathegeries, that is there exists a hat 0i 03 <^ 02 for some dg Lie algebra 03, and both 
maps ifi and (f2 are maps of dg Lie algebras and quasi-isomorphisms of the complexes, 
they are Loo-quasi-isomorphic. In the Loo-side we do not construct an extra dg Lie 
algebra 03 but we construct an infinitely many higher "Taylor components" of the map U\ . 

1.5.3. An Loo-module M over an Loo-algebra is a graded vector space with a col- 
lection of maps 

ip k : A fc 0(g)M -» M[l - k], k>0 
satisfying for each k > the equation 

(17) ^2 ^2 ±(t>p( x ii A ••• A Zi p ®(f) q {xj l A ••• Ax jq <g>m)) + 

p+q=k «i< — <»p 

Jl<---<i<jq 

+ ^2 Y ± ^?+i( ( 3p( x ii A " ' ' A Ax^ A • • • Ax jq <g>m) = 0. 

p+q=k «i< — <»p 
Jl<---<J<3 

For fc = (17) gives 0q = 0, i.e. 0o is a differential on th graded space M. 
For fc = lwe obtain that the map fa : <8> M — > M is a map of the complexes: 

4>o(fa{% ® m )) = <Pi(dx (gi m) ± 4>i(x (g> fam). 

In the case when is a dg Lie algebra we obtain that the map fa defines a 0-module 
structure on M modulo fa, etc. 
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1.5.4. A morphism ip of two Loo-modules M, N over an Loo-algebra q is a collection of 
maps 

ip k : A k Q®M -> N[-k], k>0 

satisfying 

(18) ^2 ±( Pq+i(Qp( x h A • • • A x ip ) A Xj x A • • • A ® m) + 

+ ±if p+ i(x il A • • • A x ip A ^(sji A---Axj q ® m)) = 

= ^ ±0p+i(^u A • • • Ax ip A ^(x^ A---Axj g ® m)) 

for p + g = A; > 0. 

For k = p + q = we obtain that the map ipo is a map of the complexes, etc. 

1.6. An Loo-module over T* ol (R d ) structure on C,(A,A). M. Kontsevich con- 
structed in an Loo-(quasi-iso)morphism U : T' oly (R d ) -» T>* oly (R d ). Let U\,U%M^ ■ ■ ■ 
be its Taylor components. Define a set of maps 

<p k : A k T; oly (R d ) ® C.(A, A) -» C.(A, A)[l - fe] 

by the formulas: 

<j) = b (see (9)), 

(19) </»fc(7i A ••• A7fc ®w) = Lq, k LO 

with = Z4(7i A • • • A 7fc) for A; > 1 

Lemma. In £/us way w;e have defined an Loo-module structure on C,(A, A) over dg Lie 
algebra T; oly (R d ). 

Proof. We have to prove (17) for {4> k }- 
For k = it is just b 2 = 0, 
for k = 1 it is 

(20) b o L Ui(i) uj = ±L Wl{7 ) o 6w 
But we have from (13): 

[b, L Ui{j) }uj = L duochUl(y) uj 

and d Ho ch^i(7) = ^i(^T poly 7) = for any Loo-morphism U : T' oly -> £>* oly . 

The general case is analogous. The statement of Lemma is true for any Loo-morphism 
^ : -^poly ~~ * -^poiy' n °t om y f° r ^ e Kontsevich's one. □ 



1.6.1. Now we have two modules over T* oly (R ): the usual module W(R ), and the 
Loo-module C,(A, A). We want to construct an Loo-morphism 

U: C.(A,A) -» n'(R d ) 

between them. 

It means that we search for maps 

U k : A fc T p * oly (R d ) ® C.(A, A) n'(R d )[-A;], fc > 
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such that for k > —2 
(21) 

±^fc+i([7n,7* 2 ] A 7ji A- • •A7 ife <g>w)+ ^ ±^+l(% A' • •A7v®iw ? ( 7jl A-A 7w ) w ) + 

<j>0 

+ S ±i 7i (W fc+ i (7ij A • • • A 7ifc+1 <g> w)) = (L Uq = b). 

We set: 

Uq(uj) = fiuj (see Theorem 1.3.1). 
For k = —2 (21) is just the statement that fi is a map of the complexes. 
In the rest of this paper we construct such an Loo-morphism U, where IA is the Kont- 
sevich formality morphism. 

2. Construction of the morphism Li 

2.1. The Kontsevich formality morphism Li. Here we recall, very briefly, the con- 
struction |Kj] of the Kontsevich formality morphism Li. 
We need to construct maps 

U k : A k T; oly (R d )^V poly (R d )[l-k}. 

The formula for is organized as a sum over the admissible graphs T. We cite 
from []Kj the definition of an admissible graph T. 

2.1.1. 

Definition. Admissible graph T is an oriented graph with labels such that 

1) the set of vertices Vp is {1, . . . , n}U{l, . . . , fh}, n, m G Z> , 2n + 2 + m > 0; vertices 
from the set {1, . . . , n} are called vertices of the first type, vertices from {I, . . . , fh} 
are called vertices of the second type, 

2) every edge (wi,^) G Er starts at a vertex of the first type, 

3) there are no loops, i.e. no edges of the type (v,v), 

4) for every vertex k G {1, . . . , n} of the first type, the set of edges 

Star(fc) = {(vi,V2) G \v% = k\ 

starting from k, is labeled by symbols {e\, . . . , e # Star ( fc )). 

2.1.2. For any admissible graph V with n vertices of the first type and m vertices of the 
second type we define a map U v : 71 ® 72 ® ■ ■ ■ <g> 7n i-> {A® m — > A}, A = C°°(M d ), and 
7 j is (#Star(i))-polyvector field. The function f> = Wr(7i <8> • • • <8> 7n)(/i ® • • • <8> /m) is 
defined as follows. It is the sum over all configurations of indices running from 1 to d, 
labeled by E?: 

$ = ^2 ®i 

I: E r -+{l,...,d} 

where $7 is the product over all n + m vertices of T of certain partial derivatives of 
functions and of coefficients of 7$. 

Namely, with each vertex i, 1 < i < n of the first type we associate function vl/j an M. d 
which is 

Tl 1\ 7/ #Star(iK 

*i = (n,dx 1{t> i> ® ■■■ ®dx 1(e > >). 
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For each vertex j of the second type the associated function Vl/j is defined as fj . 

In the next step we put into each vertex v instead of function ty v , its partial derivative 

r, e=(*,v) J 

Then, = U v ev r and * = Ej 

This is just a usual construction of GL<j-invariants from graphs. 




2.1.3. Till now, the number of edges of T with n vertices of the first type and m vertices 
of the second type was not fixed. We claim, that it is uniquely defined by the request 
that Ur is a map 

U r : A n T; oly (R d ) - V poly (R d )[l - n], 

i.e. by the grading. 

As an element of V' oly (M. d ), Ur has grading m — 1. This grading should be equal to 
deg 7i + h deg 7„ + 1 — n. We have: 

deg7i = #Star(i) - 1, 

and 

#E r = #Star(i), 
ie{l,-,n} 

because any edge starts at a vertex of the first type by Definition 2.1.1. 
Therefore, 

#E r = deg7i H h deg7„ + n. 

But 

m - 1 = deg 7i H h deg7„ + 1 - n, 

therefore 

m — 1 = #£r — n + 1 — n, 

and 

# J B r = 2n + m - 2. 



2.1.4. Now we search a formula for U n in the form 

(22) = W r x W r , 

r 

where T has n vertices of the first type, and Wr G C is a number. We want to define Wr 
as an integral of a form Sir of the top degree over a configuration space. Any edge of T 
will define a 1-form on this configuration space, and the form Sip is a wedge product of 
these 1-forms (in order corresponded to the labeling of the graph). Therefore, the number 
#Er of the edges should be equal to dimension of the configuration space. Therefore, the 
configuration space should be a quotient by a 2-dimensional group of n "2-dimensional 
points" and m "1-dimensional" points. 
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2.1.5. Here we define these configuration spaces. Let 7i be the open complex upper 
half-plane. 

First, denote by Conf„ jm the space 

Conf„ j?n = {pi, . . . ,p n ; q 1 , . . . , q m \ p { G H for all i = 1, . . . , n, 

qj G R = dU for all j = 1, . . . , m; p h / p i2 for h / i 2 , q j± / q j2 for j 1 / j 2 }, 

and 

Conf n = {px, . . . ,p n | pi G C,Pi! / K 2 for ii ^ i 2 }- 
For 2n + m > 2 the group 

= {z^az + 6|aG M> , 6 G M} 
acts freely on the space Conf n m ; therefore, the quotient-space 

C n , m = Con{ nim /G^ 
is a smooth manifold of dimension 2n + m — 2. Analogously, 

C7 n = Conf n /G( 2 ) 

where 

G?( 2 ) = {z ^ az + 6 I a G M> , 6 G C}. 

It is a smooth manifold for n > 2. 

M. Kontsevich constructed in Section 6, a compactification of these spaces. The 
differential forms, defined below, can be prolonged to regular differential forms on these 
compactifications. Therefore, the integrals (defined below) converge. 

We will not discuss these compactifications here. We will consider this question for 
other spaces, suitable for the construction of map U, in Section 2.2. 

2.1.6. Now, for a graph T with n vertices of the first type and m vertices of the second 
type, we are going to define a form of the top degree on C n>m , and then set Wp = 
~ J c Qr (up to some coefficient which depends on n, m and does not depend on T). 

For any two points p, q G 7i, denote by l(p, q) the geodesic in the Poincare metric on Ti, 
passing through the points p and q. It is just a (part of) half-circle, passing through p 
and q, and orthogonal to M. = dTi. Denote by l(p, oo) the vertical line passing through 
the point p. Denote by <f> (p, q) G M./2irZ the angle between l(p,q) and l(p, oo), from 
l(p, oo) to l(p,q) counterclockwise. The formula for (j) h (p,q) is 

(23) 4> h M = h^ aq - m - p) 



2i \(q-p){q-p). 

The 1-form d(j) h (p,q) is well-defined. 

Now we set that the vertices {1, . . . , n} of the first type of the graph T are the points 
Pl, . . . ,p n on Conf„ im , and vertices {1, . . . , ffi} are the points qi,...,q m on Conf njm . In 
other words, the graph "is placed" on H.UR. in all possible ways. Then each edge e = (p, q) 
of T defines a map from Conf n m to Coi^o or to Conf^i. On both spaces Conf2 i o and 
Confix we have constructed the 1-form 4> h . Denote by ip e its pull-back to Conf„ )m . It is 
clear that <p e is -invariant because GW is the group of transformations in the Poincare 
metric on 7i preserving {oo}. Thus, <p e is a well-defined 1-form on C n ^ m = Conf n)m /G^). 
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We set: 

A i i r a 

<p 



'" i i /* 

^ 24 ' ) = n ( #Star ( fc ))j • ( 27r )2n+m-2 ' / . A 

fc=l V7r v v ; J U,m egEr 

Here C+ m is the connected component of C n ^ m where q\ < ■ ■ ■ < q m . 

Theorem (M. Kontsevich,|K|). The maps U^, k > 1, defined by formulas (22), (24), 
are the Taylor components of an L^-morphism U : T* oly (M. d ) — > T>' oly (M. d ). That is they 
satisfy the identity (16). 

2.1.7. One of the crucial points is that G?W is the full group of symmetries for the 
1-form d(j) h . This is why the integrals (24) a priori do not vanish (and they actually do 
not). 

2.2. Construction of the map IA. 

2.2.1. Configuration spaces Dx, n ,m- Let D 2 be the open disk D 2 = € C | \z\ < l}. 
We denote by 1 the center of this disk 1 = {z = 0}. (It's a notation bad from any point 
of view). The space Diski jnm is 

Disk 1>njm = {pi, ... ,p n € D 2 , q 1 , . . . ,q m £ S 1 = dD 2 , 

Pi j£ pj for i^j, Pi^l for any i, % ^ qj for i ^ j}. 

For 2n + m > 1 the group of rotations 

G={zh e ie z, 6> e M/27TZ} 

acts freely on Diski jn)m , and we define the manifold -Di^.m as 

(25) £>l,n,m = Diski^m/G. 

It has dimension 2ra + m — 1. Note that Gl = 1. 

Now we are going to describe a compactification T>i ntm which will be used in the 
sequel. 

The idea arise from [[Kj, Section 5; we just describe all strata of codimension 1. 

51) some points p^,... ,pi k of the first type move close to each other and far from 1, 
k > 2. The corresponding boundary stratum is C k x Dx. n -k+i,m'-, 

52) some points Pi x , ■ ■ ■ ,Pi k of the first type, k > 1, move close to each other and close 
to 1. To describe this stratum denote by D k the following space: 

D k = {pi, ■ ■ ■ ,Pk 6 C, pi / pj for i / j}/ {z i-> az, a € M >0 }. 

For /c > 1 it is a manifold of dimension k— 1. The boundary stratum in the case S2) 
is -Dfc x Z?i n _fc im ; 

53) some points p^,. . . ,Pi fc of the first type and some points g^, . . . , q^ of the second 
type move close to each other (and close to S l = dD 2 ), 2k + 1 > 2. In this case the 
boundary stratum is 

C k ,i x D x 

One can check that in all three cases the described strata have codimension 1. 

In the general case of arbitrary codimension, we have several groups of points moving 
close to each other; this gives strata of codimension > 1. Then "we are looking through 
a magnifying glass" to each group and find that inside it there are several groups of 
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points, moving close to each other, an so on. All the boundary strata can be described 
by labeled and colored trees. 

For us it is principal that the differential 1-forms on D\^ n ^ m (analogs of d(j) h ) con- 
structed below can be prolonged to regular differential 1-forms on the compactification 
n^ra- The proof will be clear after the definition of these 1-forms. 

2.2.2. Admissible graphs. An admissible graph is the same that in Q (see Section 2.1.1) 
but here we have a marked vertex 1, and 1 is not the end-point for any edge. There are 
vertex 1, vertices of the first type {1, . . . , n}, and vertices of the second type {!,..., m}. 

2.2.3. Differential forms. There are two types of edges: connecting 1 E D 2 with an other 
point, and all others edges. We will define a differential 1-form tp e separately in these 
two cases. 

CI) e is an usual edge, i.e. 

e = (p,q), p,q£ D 2 , V+ 1- 




Figure 1. 

In this case we consider the angle 9 e between the geodesic l(p, q) in the Poincare 
metric on D 2 , with the geodesic l(p, 1) (the last geodesic should be a diametral line), 
counted from l(p, 1) to l(p, q) counterclockwise. The angle 9 e is defined modulo 2tt. 
By definition, cp e = d9 e ; it is a well-defined 1-form on the space -Di,2,0) or on -Di,i,i, 
see Figure 1. 
C2) e=(p,q),p=l. 
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Figure 2. 

In this case 6 e is the angle between the line (l,q) and the line (l,a±) where 
ai = {1}, the first vertex of the second type on S 1 . The 1-form ip e = d9 e is well- 
defined 1-form on I?i,i,i or -Di,o,2- We denote by ip e also its pull-back on D\^ n ^ m , 
see Figure 2. 



2.2.4. Poly differential operators, corresponded to the graphs. Now we want to define some 
operators 

A n T p ' oly ( Rd ) ® C '( A > A ) "> fi'(K d )[-n]- 
Let 71, . . . , 7„ be polyvector fields on M. d , and let a\, . . . , a m be m functions, ai £ A = 
C°°(R d ). Now let T be an admissible graph, such that #Star(i) = deg7j + 1 for a 
vertex i of the first type, #Star(l) = I. Then we are going to construct an outcoming 
/-differential form Qf . To do that, we define flf (d ai A • • • A d ai ), i\, . . . ,ii € {1, . . . , d}. 
As in Section 2.1.2, 

Vf(d ai A---Ad ai )= n T'-' ai 
I: B r \Star(l)-t-{l,...,d} 

We can extend the map /: E-p \ Star(l) — > {1, . . . ,d} to a map /: Er — > {1, . . . ,d}, 
where if e = (1, *) and e has the label ef in the graph V, we set /(e) = a s . Then the 
functions ^> v , v / 1, are defined as in Section 2.1.2. Next, 



*« = I n 5 / ( e) ^ l 

and then 



r(e) 

ic€i?ri e=(*,u) 



n ai,...,a, = J-J ^ 
t>eV r \l 
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Finally, 

I 



2.2.5. The grading. Let us find a relation on n, m, #-Er and I. We want to define a map 

A n T^®C m _i(A, A) ->«•[-«]. 

Therefore, 

(26) deg7i H h deg7„ + (-m + 1) - n = -Z. 

On the other hand 



(27) #£ r = deg7i + --- + deg7 n + n + Z. 
We have from (26) and (27): 

(28) #E r -n-l-m + l-n=-l 



or 



(29) #£r = 2n + m - 1. 

Therefore, for the grading condition a graph with n vertices of the first type and m 
vertices of the second type should have 2n + m — 1 edges. According to our discussion 
in Section 2.1.4, the configuration space for the construction of U should have dimension 
2n + m — 1. The space Z?i, n ,m has precisely this dimension. 



2.2.6. Weight W-p- Now we consider a graph V as placed on the space Diski injm such 
that the vertex 1 of V is the center 1 of the disk D 2 , the points {pi, . . . ,p n } of Diski inj?n 
are the vertices {1, . . . , n} of F of the first type, and the points {qi, . . . , q m } of Diski inj?n 
are the vertices {!,..., fh} of T of the second type. Then each edge e of T defines a map 

pr e : Diski jni?n -> Diski j2 ,o or 
pr e : Diski jni?n Diski,!,! 

We denote by the same symbol (p e the pull-back pr* ip e of the 1-form, constructed in 
Section 2.2.3. The 1-form ip e is G-invariant (G is the rotation group), and we can 
consider ip e as a 1-form on the space 2?i !n ,m- 

Definition (the weight Wt). 

1 T-r 1 If 

Wr = (#Star(l))! II (#Star(fc))! ' (2tt) 2 "+" 1 - 1 ' 7 D + A ^' 



l,n,m eGE-p 



where m is the connected component of -Di in , m for which the points (gi, . . . , q m ) G S 11 
define the right cyclic order on 5 1 . 
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2.2.7. 

Theorem. Let G\^ n ^ m be the set of the admissible graphs in the sence of Section 2.2.2 
with In + m — 1 edges. Define the map 

U n : A n T; oly (R d ) C m ^(A,A) - 5T(IR d )[-n] 

by the formula 

(31) U n = Yl ^Xfi[, 

red 

II 

(32) I = n + m — 1 — deg 7» . 

i=i 

TTien t/ie maps are £/ie Taylor components of an L^-morphism of the Loo-modules 

overT; oly (R d ): 

U: C.(A,A) -> fi'(M d ). 

TTte L^-module over T' oly (M. d ) structure on C,(A, A) is defined by (19) where {U^} are 
the Taylor components of the Kontsevich formality morphism (with the harmonic angle 
function, as in Section 2.1). 

Proof. We need to prove (21) for {U n } defined as above. The l.h.s. of (21) has a form 

7n <8> (<zi ® • • • ® am)) 

where C' x n m is the set of admissible graphs with n vertices of the first type, m vertices 
of the second type, and 2n + m — 2 edges, and I = n + m — 2 — Y17=i Ti- The numbers 
Cr are linear-quadratic expressions in the weights Wr 15 defined in Section 2.2.6, and the 
Kontsevich weights Wr 2 , defined in Section 2.1.6. We want to prove that Cr = for any 
r 6 G ln m . The idea arise to Q: we identify Cr with the integral over the boundary 
dDx in ,m of the differential form of degree 2n + m — 2, namely, with /\ eeEr dip e . We have 
by the Stokes formula: 




On the other hand, only the boundary strata of codimension 1 contributes in the l.h.s. 
of (33). We have: 

(34) 




where SI), S2), and S3) are the three types of the boundary strata of codimension 1, 
listed in Section 2.2.1. The idea of the proof is to identify these summands with the 
summands contributed to Cr from (21). We consider the cases S1-S3) separately. 

2.2.7.1. The case SI). The boundary stratum is Cf. x n -k+i m- It is clear that 
the integral over it factorizes in the product of two integrals: the integral over C/. and 
the integral over Dx jn —k+\,m- It is proved in |K|], Section 6, that the integral over C& 
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does not vanish only for k = 2. The situation is as follows: two points move close to 
each other and far from 1. This corresponds to the first summand of (21), containing 
the Schouten-Nijenhuis bracket of polyvector fields. 

2.2.7.2. The case S2). Some points p^, . . . ,pi k move close to each other and close to 
1 £ D 2 . The boundary stratum is x -Di^t-fc.m- It is clear that the integral factorizes 
into the product of two integrals, of an integral over and of an integral over Di, n -jfc,m 
(see, in particular, the following two subsections). Then, by Theorem 6.6.1 in [K], we 
have only the following possibilities: 

52.1) k = 1 and there is an edge from 1 to p^; 

52.2) k = 1 and there are no edges connecting p^ and 1. 

We analyze these strata separately below. It will be clear from our discussion how to 
apply Theorem 6.6.1 in [K] to prove that other possible strata give zero contribution. 

2.2.7.2.1 The case S2.1). 




Figure 3. 

Let (p^jq) be an edge starting at p^, and let $1 be the angle between (1,^) and 
(l,ai) (this is the angle 9 e for e = (1,^)), <3?2 be the angle between (l,q) and (l,ai), 
and $3 be the angle between {p^^q) and (p^,!), see Figure 3. The integral over D\ 
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should be the integral over D\ of the canonical 1-form dtp on D\. By our definition, 
9 e for e = {p^iq) is the angle $3. The 2-form dtp fa >q \ A dip/ ltPi ) is equal to d<E>3 A d&\. 
In the limit pi x — ► 1 the angle $3 — > 7r — ($1 — $2) (see Fig. 3). Therefore, we have 
two-form ci(7r — <3?i + $2) A d&± = d&2 A c/<fri. The angle $2 does not depend on the 
position of pjj. The "new" edge will be (1,<?), and its angle is precisely $2- The integral 
over D\ is J 

In the general case, there are some edges starting at p, but no edge ends at p: in this 
case the angle of this edge would be equal to 0. 

These terms correspond to a summand of doi 1 .{U k+1 (^j 1 A • • • A7j fc+1 0u>)) (see (21)) 
and any they contribute to the third summand in (21). See Section 2.2.7.2.3 for a further 
discussion. 

2.2.7.2.2 The case S2.2). We denote pi x by p. There no edges connecting p and 1. 
See Figure 4. 




Figure 4. 



In the limit when p tends to 1 and the points (/1 , #2 , #3 • ■ ■ (end-points of the edges 
starting from p) are far from 1, the wedge product d§\ A dfa A dfe A . . . tends to 
±d(f>o A d(4>2 — 4>i) A d(4>3 — 4>i). The integral J gl d<po is the integral over D\. The 
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remaining part of the wedge product, d(4>2 — <fii) A d((f)^ — (f>i) A . . . contributes to the 
integral over £>i, n -i,m- 

In the general case, if there exists any edge ending at p, an edge I = (s,p), and s is 
far from 1, the angle <p e tends to when p tends to 1. Therefore, no edge ends at p. 

These terms correspond to a summand of i 7i o d(Uk+i('Jj 1 A • • • A 7&+i <8> u)) and 
contribute to the third summand in (21). See Section 2.2.7.2.3 for a further discussion. 

2.2.7.2.3 We claim that the total contribution of the two cases S2.1) and S2.2) is equal 
exactly to L 7i cD = do i^.u ± i 7i o du, where Co = Uk+i('Jj 1 A • • • A 7j fc+1 <S> u). Here we 
consider two examples. 

Example 1. 7$ = v is a vector field, J; is a function. Then d o i^a; = 0, and we have only 
the summand i v o do), which corresponds exactly exactly to the case S2.2). 

Example 2. Again, 7^ = v is a vector field, t> = ^ Vjdj, but cD is a 1-form u> = Y2i fidxi- 
Then 



(*) doi v u = d(^2 v ifi ) = ^2 fo]^~ dxi + ^ 



9/i , 

Vi ~dx~ 3 



On the other hand, 



. , / v-^ , \ v-^ dfi . v-^ ^/i 

(**) l vdu = i v I 2_, TT^T^i A dx M = Z> ' Vj * ~ ^ dx- Vi 3 

\ i,j 3 ) i,j 3 i,j 3 

We see that in L v Cj = do i v uj + i v o dw the second summand in the r.h.s. of (*) cancells 
the second summand in the r.h.s of (**), whereas the first summand in the r.h.s. of (*) 
corresponds to the case S2.1), and the first summand in the r.h.s. of (**) corresponds to 
the case S2.2). 

In the general case the situation is analogous to this example. 

2.2.7.3. The case S3). Some points Pn, ■ ■ ■ ,Pi k of the first type and some points 
qj 1 , . . . , qj l of the second type move close to each other and close to S 1 = dD 2 , 2k + 1 > 2. 
The boundary stratum is x D-i^n-k.m-i+i- The integral over is exactly the 
Kontsevich integral: the angle with 1 becomes the angle with 00 for C^i- We obtain the 
second summand in (21). 

Theorem 2.2.7 is proven. □ 

2.2.8. It is clear that 

Uo(ai <g> ■ ■ ■ <8> a m ) = fi(ai <8> • • • <8> a m ) = - — — —ai da 2 A • • • A da m . 

(m — 1)! 

3. Applications to traces, cup-products, and to the Duflo formula 

3.1. First of all, we recall what the (extended) Duflo formula is. Let g be a finite- 
dimensional Lie algebra, we associate with g two g-modules: the symmetric algebra 
S'(q), and the universal enveloping algebra U(g). These two g-modules are isomorphic 
due to the Poincare-Birkhoff-Witt theorem, the isomorphism (ppsw- 5"(s) — * U(g) is 
defined as 

<Ppbw(9i 9k ^ = ~k\ ® ' ' ' ® 9 < k )- 
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As algebras, S'(q) and U(g) are not isomorphic. The Duflo theorem states that the 
algebras of g-invariants [S'*(g)] s and [^(fl)] 9 are (canonically) isomorphic. Let us recall 
the construction of this isomorphism. 

For any k > 1, let Tr^ be a canonical invariant element Tr^ € [S k (g*)] s , defined as 
the symmetrization of the map g h- > Tr| g ad fc g (g G g). We consider elements of S k (g*) 
as differential operators of fc-th order on S'(g) with constant coefficients. We define the 
map Strange: S* (g) -> 5"(fl) as 

Estrange = exp ^ a 2 k^2k 
\k>l 

where the rational numbers a 2 k are defined as 

Elk It e ^ - e ~~ 
OL2kX = - log 
2 x 

k>l 

It is clear that Estrange: S'(g) — > S'(g) is a map of g-modules, because Tr 2 fc € [^^(g*)] . 



3.1.1. 



Theorem (Duflo). For any finite- dimensional Lie algebra q the map 

V*D = [fPBW ° Estrange] : [<S"(fl)] ~> [U(d)] S 

is an isomorphism of algebras. 
3.1.2. 

Theorem (Kontsevich |K|]). For any finite- dimensional Lie algebra g the map iff) of 
g-modules (p£>: S'(g) —> U(g) defines the map of algebras 

<ph--H'(g;S'(g))^H'(g;U(g)). 

3.1.3. Now consider homology H,(g; S(g)) and H,(g;U(g)). They have a structure of 
modules over the algebras H'(g, S(g)) and H'(g; U(g)), correspondingly. In particular, 
for zero (co)homology A comv = A/g ■ A has a structure of a module over the algebra 
A mv for any g-module A which is an associative algebra such that the multiplication 
A (g) A — » A is a map of 0-modules. 

We want to construct a map of modules over H'(g, . . . ) 

<PD*: H.(g;S(g))^H.(g;U(g)) 
such that it is compatible with the map of algebras 

<p* D --H'(g;S(g))^H'(g,U(g)). 
It means that for any to € H'(g; S'(g)) and r\ € H m (g, S'(g)) one has 



(35) 



A PROOF OF THE TSYGAN FORMALITY CONJECTURE FOR CHAINS 19 

3.1.4. 

Conjecture. For any finite- dimensional Lie algebra g, the map ipo*, induced by the 
map ifrj = cppsw ° Estrange of g-modules, satisfies (35). 

This conjecture is a typical application of a conjecture on cup-products on tangent 
cohomology, Conjecture 3.5.3.1 below. For a semisimple (or, more generally, unimodu- 
lar) Lie algebra q Conjecture 3.1.4 follows from Theorem 3.1.2: for example, the top- 
cohomology H top (Q; A) ~ Hq(q; A), and this is is an isomorphism of H°(q; ^-modules for 
any A with compatible structures of an associative algebra and a g-module. Analogously 
for higher (co) homology. 

For a general Lie algebra q, H top (g;M) ~ Hq(q;Tt M) where Tr: q — > C is a 
one-dimensional g-module, the trace of the adjoint action. Therefore, for a general Lie 
algebra g, Theorem 3.1.2 does not imply Conjecture 3.1.4. 

3.2. Loo-quasi-isomorphisms of Loo-modules, the tangent complexes, the tan- 
gent map. We say that an Loo-map of two Loo-modules M',N* (see Section 1.5.4) 
is an L^- quasi-isomorphism of modules if (fo : M* — > N' (which a priori is a map of 
complexes) is a quasi-isomorphism of complexes. 

Let M* be an Loo-module over a dg Lie algebra g, and let tt € q 1 satisfies the Maurer- 
Cartan equation dir + ^[vr,7r] = 0. We define the tangent complex T T M* as the graded 
space M* with the differential d w defined as follows: 

(36) d n (m) = 4>o(m) + (f>i(n, m) + ^2(71", it, m) H h ^4>n{^, n, . . . ,ir,m) + . . . 

where <pk '■ A k Q®M* — ► M*[l — k] are the Taylor components of the Loo-module structure 
on M* (see Section 1.5.3). 

Lemma. 

(i) 4 = ifdir + i[7r,vr] = 0; 

(ii) the formula 

00 

(37) ( T it<P)(a) = 5Z (/3fc + 1 ( 7r ' 7r ' • • • ^^ a )/ k - 

defines a map of the tangent complexes 

7>: T^M* — > T W N*; 

(iii) let ip be an L^- quasi-isomorphism of modules. Then T^ip is a quasi-isomorphism 
of the complexes provided the condition that it is sufficiently small. In particular, if 
we replace tt on hir, where h is a formal parameter, T^ip is a quasi-isomorphism. 

Proof. It is straightforward. □ 

3.3. From now on, we will work with formal power series in a formal parameter h. 
Lemma. 

(i) Let A = C°°(R d )[[h]], tt e A 2 T poly (R d ), [tt,it] = 0. Then the map 

TnJA: T hw C.(A,A) - T hn W (R d )[[h}} 
is a quasi-isomorphism of the complexes; 
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(ii) 

TfnrC 9 {A, A) = C. (^4* , A* ) 
where A* is the deformed algebra A with the Kontsevich star-product; 

(iii) 

T h7T n'(R d )[[h}} = (n'(R d )[[h]},d = 

Proof, (i) follows from Lemma 3.1, because Uq = [i is a quasi-isomorphism by Theo- 
rem 1.3.1. 

(ii) and (iii) follow from the definitions. □ 
In this way, we obtained a quasi-isomorphism of complexes: 

TyjA: C.(A*,A*) -> (ST(R d )[[h]],d = L hn ). 

3.4. 

Lemma. 

(i) 

H (C m (A*,A*)) = A*/L4*, A]; 

(ii) 

H (n'(M d )[[h)],d = L h7r ) = A/ {A, A}, 
where {A, A} is the commutant of the Poisson algebra. 

Proof, (i) In C,(A*, A*) we have: 

d(ao <g) ai) = ao * a\ — a\ * glq. 

(ii) By definition, Im(d: Q 1 -> 0°) = ^(ft 1 ). We have: 

Lhw(fdg) = (d D R o i^,. + i te o d DR )(fdg) = i h7T o d DR (fdg) = hir(df A dg) = h{f,g}. 

□ 

3.4.1. 

Theorem. T/ie map T^ZV owes an isomorphism A* /[A*, A*] A/ {A, A} for any Pois- 
son bivector tt. □ 

We return to this map for a linear Poisson structure tt in Section 3.6 after a conjecture 
on the compatibility with cup-products on the level of cohomology. 

3.5. Cup-products on the tangent cohomology. 

3.5.1. 

Definition. For a dg Lie algebra g, and a solution tt of the Maurer-Cartan equation 
dir + |[vr, 7r] = 0, the tangent complex T n Q is g[l](d + ad7r). 

Lemma (|K]|, ... ). 

(i) Let hi : g* — > g* ^ e an L^-map between two dg Lie algebras, tt £ g\ be a solution of 
the Maurer-Cartan equation. Then 

(38) tt- := Wi(vr) + -W 2 (tt, tt) + ■ ■ ■ + -^(tt, . . . , tt) + . . . 

is a solution of Maurer-Cartan equation in g* (it is clear that tt € g^); 
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(ii) the map 

TJA: T^Qi — > TftQ2, 

defined as 



(39) TM(x)=U 1 (x)+U 2 (x,tt) + 



+ ^(x, VT, 7r) H h 7 — rr Unix, 7T, 7T, . . . , 7r) 

2 (n — lj! 



have an extra property: the dg spaces T vr T* oly (]R d ) and Ts-2?* oly (]R d ) have structures of 
associative algebras. In the case T n T* , (M. d ) it is just the wedge product of polyvector 



is a map of complexes. 

3.5.2. In the case of the formality morphism U : T* oly (R d ) — > V' oly (R d ) both dg algebras 

r; Qly (R d ) and T,V' poly 

1 poly 

fields; in the case T^V* oly (R d ) it is the usual cup-product in the deformed algebra: 

(40) (*i U tf 2 )(ai ® • • • ® afc+«) = *i(oi ® ■ ■ ■ ® a*) * * 2 K+i ® • • • ® a fc+i ). 
The following remarkable result is proved in JK| , Section 8: 

Theorem (Kontsevich) . The tangent map T n U induces a map of the associative algebras 
on the level of cohomology. 

In other words, the map 

\TtM\: H'(T n Tp 0ly ) - H'(T*V poly ) 

is a map of algebras. 

Actually, Kontsevich considers a bit more general situation: a solution tt of the 
Maurer-Cartan equation in (g* 0m*) 1 where m* is a commutative dg algebra. This 
generality is very useful for applications, but we restrict ourselves by the case m* = C[0]. 

3.5.3. Now the tangent complex Tn n (C,(A, A)) = C,(^4*,^4*) has a module structure 
over A) = T h7T C*(A,A) (for any algebra A*): 

For ^ : Af k — > A* and for cj = ao ai <8> • • • a„ (k < n) we have the "cup-product" : 

(41) ^(w) = (ao * *(ai (8> • • • ® a fc )) ig> a fc+ i ® • • • ® a n . 
Lemma. 

(i) T7te "cup-product" described above 

U : C (A* , .A* ) <<*D C # (^4* , ^4*) ^ C# (^4* ; ^4* ) 

is a map of the complexes; 

(ii) It endowes C,(^4*,^4*) with an algebra structure over (C'(A*,A*)) opp (the algebra 
A opp is the algebra with the opposite multiplication: a *a°pp b = b*A a )- 

Proof. It is straightforward. □ 

The map 

U : T p ' oly (R d ) ®n'(R d )^n' (R d ) 

(cup-product for Q') is defined as the operator i 7 of the insertion of the polyvector field 
in the differential form. It is a map of complexes: 

U: (T; oly (R d ),d = ad7r)® {fl* (R d ) , d = L^) -> (fl* (R d ) , d = L^) . 

It is exactly the structure induced by (41) on the level of cohomology. 
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3.5.3.1. 

Conjecture. On the level of cohomology the tangent map 

TyjA: T h7T C.(A,A) - T h7T Q' (R d )[[h}} 
is a map of the modules, i.e. for u> £ T^C^A, A) and for rj € Tf i7r Tp \y(M d ) one has: 
(42) \T Tm U\ ( [T rm U] ( H ) U [w] ) = [r/] U [T^W] ( [w] ) 

([...] stands for the cohomological class of an element or for the map induced on coho- 
mology). 

At the moment I don't know any proof of this Conjecture. 

3.6. Here we consider the case of a linear Poisson structure ir on M d , it = ^ c^x^diAdj. 
Recall, that it follows from the equation [it, it] = that ~R. d ~ 5* for a Lie algebra 5, and 
the numbers {c^} are the structure constants of this Lie algebra. 

3.6.1. First, let us describe the map r 7r W| J 4 = c ( J 4 i A) in this case. We have 1 point on 
the circle and some points inside the disk D 2 . One can prove that all possible graphs are 
"several wheels," as it is shown in Fig. 5. 




a 



Figure 5. 

(There are no edges starting at 1 because we should obtain a 0-form, i.e. a function.) 
All the wheels have an even number of vertices, because of the symmetry with respect 
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to line I (see Fig. 5). Let w^k be the weight of the single wheel with 2k vertices (in our 
sense, see Section 2.2.6). 
We have: 



(43) (T t M) (a) =exp ^ h 2k w 2k Tr 2k 



a 



,k>l 



(here a G 5*(g) = Cb(5*(g), 5*(g))). The operator (43) satisfies the following properties: 

(i) it maps [5(g)*, 5(g)*] to {5(g), S(g)}; 

(ii) if Conjecture 3.5.3.1 is true, 

[T hlT U}(uj -rj) =uj ■ [T hw U](r)) 

for uj G [5(g)]* and u G 5(g)*/[5(g)*, 5(g)*]. 
The property (ii) follows from the "vanishing of the wheels" [Sh], according to which 



T M U = Id. 

Theorem. If Conjecture 3.5.3.1 is true, all the numbers W2k, k > 1 are equal to zero. 

Proof. The numbers w 2 k, k > 1 in (43) do not depend on the Lie algebra g. Therefore, 
one can suppose that g is semisimple. We proved in Section 3.1 that if g is semisimple, 
that for u G [5*(g)]s and rj G 5'(g)/[g, 5*(g)] one has: 

where tp D *: [5'(g)] coinv -» [£/(g)] coinv and (p* D : [5*(g)] inv -» [£/(g)] inv are both induced 
by the map cpjj = tppsw ° Estrange- Next, consider the isomorphism G: 5(g)* — > U(g), 
defined as 

9(5x * • • ■ *g k ) = g x ® ■ • • *g k . 

It is proven in [fSh| that = ippsw Estrange- 
We obtain that 

(44) Id*(wr7) = Id*(u/)-Id*(77) 

for u G [5'(g)*] inv , j] G [5'(g)] coinv , and Id*: [5'(g)*] coinv -> [5'(g)] coinv , 
Id*: [5'(g)*] inv -» [5*(g)] inv are induced by the identity map Id: 5'(g)* -» 5(g). Sup- 
pose now that for a map T* we have 

(45) T*(u • if) = Id*(w) • T*(r?) 

(T* = Th n (U) in our case). Then we have T* = Id*. Indeed, set r) = [1] and use the 
decompositions 

U(q) = Z(U(q))®[U(q),U(q)], 
S'(Q) = [S'(9)r® {5(g), 5(g)} 
which hold for a semisimple Lie algebra g. □ 

3.6.2. 

Corollary. If Conjecture 3.5.3.1 is true, then for any Lie algebra g Conjecture 3.1.4 
holds for 0-(co)homology. 
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3.6.3. Independently of Conjecture 3.5.3.1, the identity map Id: <S"(g)* —* S m (g) is a 
map of g-modules for any Lie algebra g. Indeed, the map (fo = (fPBW° Estrange : S'(g) — > 
U(g) is a map of g-modules, and the map y?^ 1 : U(g) — > S"(g)* is an isomorphism of 
algebras (according to |S"hf ). Therefore, the composition (p^ 1 o ip D = Id is a map of g- 
modules. In particular, it defines a map of coinvariants Id*: [5'*(g)*] comv — > [S"(g)] comv , 
i.e. Id maps [S"(g)*, <S"(g)*] to {5*(g), 5*(g)}. In other words, if we set 

(46) [f,gU = ^2h 2k+1 C 2k+1 (f,g) 

k>0 

then C 2k+1 = {F 2 k+i,G 2k+ i} + {F^ k+1 , G' 2k+1 } + ... for some 
F 2k+1 ,G 2k+ i, F 2k+1 ,G' 2k+1 , ... G S"(g). For example, Ci(f,g) = {f,g}. 

It would be very interesting to calculate the map T^iU) for higher cohomology and 
to deduce Conjecture 3.1.4 from Conjecture 3.5.3.1. The proof of Conjecture 3.5.3.1 
should be somewhat very close to the proof of the Kontsevich theorem on cup-products 
on tangent cohomology fKj, Section 8. 

Finally, we have seen in this Section that the weels w 2k , k > 1, are conjecturally equal 



to zero, as well as the Kontsevich wheels [Sh]. It is very interesting to compare the 



Kontsevich integrals of "higher wheels" and our integrals of them (a "higher wheel" = a 
graph which appear in Tf ia (U)(f) or Tf ia (U)(f) for a non-linear a). 
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